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Abstract. We study the entanglement dynamics of a system consisting of a large
number of coupled harmonic oscillators in various conﬁgurations and for different
types of nearest-neighbour interactions. For a one-dimensional chain, we provide
compact analytical solutions and approximations to the dynamical evolution of
the entanglement between spatially separated oscillators. Key properties such
as the speed of entanglement propagation, the maximum amount of transferred
entanglement and the efﬁciency for the entanglement transfer are computed. For
harmonic oscillators coupled by springs, corresponding to a phonon model, we
observe a non-monotonic transfer efﬁciency in the initially prepared amount of
entanglement, i.e. an intermediate amount of initial entanglement is transferred
with the highest efﬁciency. In contrast, within the framework of the rotating-
wave approximation (as appropriate, e.g. in quantum optical settings) one ﬁnds a
monotonic behaviour.Wealso studygeometrical conﬁgurations that are analogous
to quantum optical devices (such as beamsplitters and interferometers) and
observe characteristic differences when initially thermal or squeezed states are
entering these devices. We show that these devices may be switched on and
off by changing the properties of an individual oscillator. They may therefore
be used as building blocks of large ﬁxed and pre-fabricated but programmable
structures in which quantum information is manipulated through propagation.
We discuss brieﬂy possible experimental realizations of systems of interacting
harmonic oscillators in which these effects may be conﬁrmed experimentally.
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1. Introduction
Quantum information processing requires as a basic ingredient the ability to transfer quantum
information between spatially separated quantum bits, either to implement a joint unitary
transformation or, as a special case, to swap quantum information between the qubits. For a
transfer over larger distances it is usually imagined that some stationary qubits, for example
in the form of trapped ions inside an optical resonator, are coupled with a quantized mode
of the electromagnetic ﬁeld that propagates between the spatially separated cavities [1]–[4].
Other speciﬁc realizations are possible, but the basic principle always relies on the use of
some continuous degree of freedom between the qubits and their manipulation by external
ﬁelds. While this appears to be the most realistic mode of transport over long distances, one may
conceive other modes over shorter distances. Instead of using a quantum ﬁeld one may study
the possibilities offered by a discrete set of interacting quantum systems. This might involve
spin degrees of freedom [5]–[9] or inﬁnite-dimensional systems such as harmonic oscillators
[10, 11]. In the present paper, we explore the dynamics of entanglement in a chain of coupled
harmonic oscillators [12]–[14]. Apart from its obvious relevance to quantum optical systems
including photonic crystals, such a model also describes phonons in a crystal and we therefore
hope that the results presented here will also have applications in condensed matter systems as
well. It should be noted that the entanglement properties of a system of harmonic oscillators in
the static regime have been studied in some detail [12].
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This paper is organized as follows. In section 2, we present the basic physical models and
their Hamiltonians. We use analytical tools from the theory of Gaussian states in continuous
variable systems where some rapid development has been achieved recently (see e.g. [10] for
a tutorial overview). We brieﬂy reiterate those results that will be employed in the present
investigation. Section 3 will then present the basic equations of motion in compact form for two
types of interactions, namely (i) harmonic oscillators coupled by springs and, resulting from this,
(ii) a model which corresponds to a rotating-wave approximation (RWA) as is appropriate in a
quantum optical setting. Section 4 employs these equations for the propagation of entanglement
along a chain of harmonic oscillators which might be realized by coupled nanomechanical
oscillators [15, 16] or optical cavities. The time evolution of the entanglement between a pair of
oscillators is given analytically in a compact form. Properties such as the speed of propagation,
the amount of entanglement and the transfer efﬁciency are then obtained from these expressions.
In section 5, we present results utilizing the equations from sections 3 and 4. First, we study a
method for the creation of entanglement in such a system that does not require detailed control
of the interaction strength between individual oscillators but only the ability for changing the
interaction strength globally [11]. The inﬂuence of imperfections such as ﬁnite temperatures
or randomly varying coupling constants on such a scheme are studied. We also consider
the propagation of some initially prepared entangled state along the chain. Surprisingly, for
harmonic oscillators coupled by springs, we observe a non-monotonic transfer efﬁciency in
the initially prepared amount of entanglement, i.e. an intermediate amount of entanglement
is transferred with the highest efﬁciency. Conversely, in the RWA, the transfer efﬁciency is
monotonic.Whereasmost of these results assumeaposition-independent and stationary coupling,
we also show thatwith carefully chosen position-dependent coupling the transfer efﬁciency in this
systemmay be increased to unity. Finally, we study geometrical conﬁgurations that are analogous
to quantum optical devices such as beamsplitters and interferometers and observe characteristic
differences when initially thermal or squeezed states are entering these devices. We show that
these devices may be switched on and off by changing the properties of an individual oscillator
and may therefore be building blocks of large ﬁxed but programmable structures. In section 6,
we summarize the results of this paper and suggest possible experimental realizations of systems
of harmonic oscillators in which these effects may be conﬁrmed.
2. Models and methods
In this section, we present the systems under consideration, namely coupled harmonic
oscillators, together with the Hamiltonians that describe the various models for their interaction.
We will restrict our attention to Hamiltonians that are quadratic in position and momentum
operators. This will be crucial for the following analysis as it permits us to draw on the results and
techniques from the theory of Gaussian continuous variable entanglement. The most important
results from this theory will be reviewed here brieﬂy.
2.1. The physical models
The general set-up consists of a chain of M coupled harmonic oscillators, where the coupling
is assumed to be such that the corresponding Hamiltonian is at most quadratic in position and
momentum. We will number the harmonic oscillators from 1 to M with periodic boundary
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conditions such that the (M + 1)th oscillator is identiﬁed with the ﬁrst. The choice of periodic
boundary conditions yields exact and compact analytical solutions since we can employ
normal co-ordinates straightforwardly. A similar approach is less successful in the non-periodic
boundary case. In addition, we allow for the existence of a distinguished decoupled oscillator
with index 0 which will be a convenient notation for some of the later studies. Arranging the
position and momentum operators in the form of a vector
R = (qˆ0, qˆ1, . . . , qˆM, pˆ0, pˆ1, . . . , pˆM), (1)
we can then write the general Hamiltonian in the form
Ĥ = 1
2
R
[
V 0
0 T
]
RT = 1
2
M∑
ij=1
qˆiVijqˆj + pˆiTijpˆj, (2)
where V is the potential matrix and T the kinetic matrix. We will consider three basic settings
for which we now provide the matrices T and V explicitly. In all these cases, we assume that the
oscillators in the chain are all identical with a mass m = 1 and eigenfrequency ω = 1.
(a) Uncoupled oscillators. If the oscillators are not coupled with each other, then the potential
energy of the kth oscillator is simply given by qˆ2k/2 while its kinetic energy is pˆ2k/2. As a
consequence, both the potential and the kinetic matrices are diagonal and identical, namely
V = T = 1M+1, where 1M+1 denotes the (M + 1) × (M + 1) identity matrix.
(b) Oscillators coupled by springs. If neighbouring oscillators (except for the 0th oscillator) are
coupled via springs that obey Hooke’s law, the Hamiltonian is given by
ĤSpring = qˆ
2
0 + pˆ
2
0
2
+
1
2
M∑
k=1
qˆ2k + pˆ
2
k + c(qˆk+1 − qˆk)2, (3)
where c denotes the coupling strength and we have used periodic boundary conditions, i.e.
qM+1 = q1. Keeping in mind that we wish to leave the oscillator with index 0 uncoupled, the
potential matrix becomes
V =

1 0 0 0 0 0 0
0 1 + 2c −c 0 · · · 0 −c
0 −c 1 + 2c −c 0
0 0 −c 1 + 2c . . . ...
...
...
. . .
. . . −c 0
0 0 −c 1 + 2c −c
0 −c 0 · · · 0 −c 1 + 2c

, (4)
whereas the kinetic matrix is given by the identity matrix T = 1M+1.
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(c) Oscillators in the RWA. An interaction that provides simpler dynamics is obtained via the
RWA in quantum optical systems. Indeed, if we deﬁne annihilation and creation operators
aˆ = 1√
2
(qˆ + ipˆ), aˆ† = 1√
2
(qˆ − ipˆ), (5)
then we observe that the interaction in case (b) includes terms of the form aˆ†kaˆ†k+1, i.e.
interaction terms for which both harmonic oscillators are being excited simultaneously. Such
terms are not energy-conserving, and in quantum optics they are usually be neglected in the
framework of the RWA. Following this practice amounts to considering the Hamiltonian
ĤRWA = aˆ†0aˆ0 +
1
2
+
M∑
k=1
(1 + c)
(
aˆ
†
kaˆk +
1
2
)
− c(aˆ†k+1aˆk + aˆk+1aˆ†k). (6)
In terms of position and momentum operators this can be written as
ĤRWA = qˆ
2
0 + pˆ
2
0
2
+
1
2
M∑
k=1
qˆ2k + pˆ
2
k +
c
2
(qˆk+1 − qˆk)2 + c2(pˆk+1 − pˆk)
2, (7)
so that in this case both the potential and the kinetic matrices are given by
T = V =

1 0 0 0 0 0 0
0 1 + c −c/2 0 · · · 0 −c/2
0 −c/2 1 + c −c/2 0
0 0 −c/2 1 + c . . . ...
...
...
. . .
. . . −c/2 0
0 0 −c/2 1 + c −c/2
0 −c/2 0 · · · 0 −c/2 1 + c

. (8)
Note that thematrixV can be conceived as the adjacencymatrix of a weighted graphG(v, e)
encoding the interaction pattern between the systems in the canonical co-ordinates corresponding
to position. Vertices of the graph correspond to physical systems, i.e. the individual harmonic
oscillators, whereas the weight associated with each of the edges quantiﬁes the coupling strength
[17].Themain diagonal corresponds to loops of theweighted graph.This intuition is in immediate
analogy to graph states for spin systems with an Ising interaction between the constituents
[18]–[20] and can be useful in the study of more complex geometries. Before we study the
dynamical properties of these systems, we provide in the following subsection a brief overview
over the main technical tools that we will employ.
2.2. Analytical tools
Analysing the entanglement properties of inﬁnite-dimensional systems such as harmonic
oscillators is generally technically involved unless one restricts attention to speciﬁc types of
states. Indeed, in recent years, a detailed theory of so-called Gaussian entangled states has been
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developed. As we will employ some of its basic results in the subsequent analysis, we are
providing a brief review of some useful results. A more detailed tutorial review can be found,
e.g. in [10], and more technical details concerning Gaussian states can be found in [21].
The central variables in the analysis of harmonic oscillators are the canonical operators for
position and momentum. Let us assume a system with n harmonic oscillators. As stated above it
is convenient to arrange these in the form of a vector
RT = (qˆ1, . . . , qˆn, pˆ1, . . . , pˆn).
The characteristic feature distinguishing the quantum harmonic oscillator from its classical
counterpart is the canonical commutation relation (CCR) between position and momentum.
Employing the vectorR these can be written in the particularly convenient form [R̂j, R̂k] = iσj,k,
where the real skew-symmetric block diagonal (2n × 2n) matrix σ, the symplectic matrix,
is given by
σ =
[
0 1n
−1n 0
]
, (9)
assuming units where h¯= 1 and k = 1, a choice that will be adopted for the rest of this paper.
Instead of referring to states, i.e. density operators, one may equivalently refer to functions
that are deﬁned on phase space. Whereas there are many equivalent choices for phase-space
distributions, for the purposes of this work it is most convenient to introduce the (Wigner-)
characteristic function. Using the Weyl operator Wξ = eiξTσR for ξ ∈ R2n, we deﬁne the
characteristic function as
χρ(ξ) = tr[ρWξ]. (10)
The state and its characteristic function are related to each other according to a Fourier–Weyl
relation
ρ = 1
(2π)n
∫
d2nξχρ(−ξ)Wξ. (11)
Gaussian states are exactly those states for which the characteristic function χρ is a Gaussian
function in phase space [21], i.e. if the characteristic function is of the form
χρ(ξ) = χρ(0)e−(1/4)(σξ)Tγ(σξ)−dT(σξ). (12)
As is well known, Gaussians are completely speciﬁed by their ﬁrst and second moments,
d and γ , respectively. As the ﬁrst moments can be always made zero utilizing appropriate
local displacements in phase space, they are not relevant in the context of questions related to
squeezing and entanglement and will be ignored in the following. The second moments can be
collected in the real symmetric 2n × 2n covariance matrix γ deﬁned as
γj,k = 2Re tr[ρ(R̂j − 〈R̂j〉ρ)(R̂k − 〈R̂k〉ρ)]. (13)
With this convention, the covariance matrix of the nth-mode vacuum is γ = 12n.
As the covariance matrix encodes the complete information about the entanglement
properties of the system, we will use it to quantify the amount of entanglement between two
groups of oscillators. There is no unique way to quantify entanglement for mixed states, and
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several different measures grasp entanglement in terms of different operational interpretations.
For the purposes of this work, we settle for the logarithmic negativity which is comparatively
easy to compute and possesses an interpretation as a cost function [22]–[26]. Given two parties,
A and B, the logarithmic negativity is deﬁned as
N(ρ) = log2 ‖ρTB‖1, (14)
where ρTB is the state that is obtained from ρ via a partial transposition with respect to system
B and ‖ · ‖1 denotes the trace norm. As we focus attention on Gaussian states which we
characterize via the covariance matrix γ rather than the density matrix ρ, we need to provide a
prescription for the evaluation of the logarithmic negativity directly in terms of the covariance
matrix. To this end, it is important to note that on the level of covariancematrices the transposition
is reﬂected by time reversal which is a transformation that leaves the positions invariant but
reverses all momenta, qˆ → qˆ, pˆ → −pˆ. The partial transposition is then the application of this
time-reversal transformation to a subsystem, i.e. one party. Let us now consider a system made
up of m + n oscillators, where m oscillators are held by party A and n oscillators by party
B. Applying time reversal to the n oscillators held by party B, the covariance matrix will be
transformed to a real symmetric matrix γTB given by
γTB = PγP, (15)
where
P = 1m+n⊕
[
1m 0
0 −1n
]
. (16)
The (2n × 2n) matrix γTB is the matrix collecting the second moments of the partial transpose
ρTB of ρ. The logarithmic negativity is then given by
N = −
m+n∑
j=1
log2(min(1, |γj|)), (17)
where the γj are the symplectic eigenvalues of γTB. For a general covariance matrix, γj arises in
the diagonalization of γ using symplectic transformations, i.e. transformations S that preserve
the CCR so that SσST = σ. The resulting diagonal matrix is the Williamson normal form of a
covariancematrixwhose diagonal elements are the symplectic eigenvalues. It is sometimes useful
to know that the symplectic eigenvalues can be obtained directly without explicit diagonalization
of the matrix as the positive square roots of the usual eigenvalues of −σγσγ [24].
For all Hamiltonians that are quadratic in the canonical position and momentum operators
the ground state is an important example of a Gaussian state. For a Hamilton operator of the
form
Ĥ = 1
2
RT
[
V 0
0 T
]
R, (18)
we ﬁnd that the covariance matrix of the ground state is given by
γ =
√
TV−1⊕√VT−1, (19)
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which reduces to
γ =
√
V−1⊕√V (20)
when T = 1n. If, on the other hand, as for the interaction in case (c), we have T = V , then the
ground state is given by γ = 1n⊕1n, which is the same as the ground state of n non-interacting
harmonic oscillators.
The primary aim of this work is the investigation of the dynamical properties of the system
of harmonic oscillators and the evolution of entanglement properties under such dynamics. The
dynamics of the covariance matrix under a Hamiltonian quadratic in position and momentum
operators can be obtained straightforwardly from the Heisenberg equation
d
dt
X̂(t) = i[Ĥ, X̂]. (21)
For our time-independent Hamiltonian (18), this leads to the covariance matrix at time t as[
γXX(t) γXP(t)
γPX(t) γPP(t)
]
= exp
([
0 T
−V 0
]
t
)[
γXX γXP
γPX γPP
]
exp
([
0 −V
T 0
]
t
)
. (22)
Equipped with these tools we can now proceed to the analysis of the entanglement dynamics of
the harmonic chain.
3. The equations of motion
In two separate subsections, we provide the explicit solutions to the equations of motion for the
two coupling models (b) and (c) that will be investigated both analytically and numerically in
the remainder of the paper.
3.1. Harmonic oscillators coupled by springs
This model is characterized by a Hamiltonian of the form
ĤSpring = 12
M∑
k=1
qˆ2k + pˆ
2
k + c(qˆk+1 − qˆk)2. (23)
Note that for the moment we neglect the decoupled additional 0th oscillator. In the following, we
will provide an explicit form for the equations of motion for the canonical positions andmomenta
in the Heisenberg picture. To this end, we can diagonalize this Hamiltonian by introducing the
normal co-ordinates
qˆn = 1√
M
M∑
m=1
e2πinm/MQ̂m, pˆn = 1√
M
M∑
m=1
e2πinm/MP̂m. (24)
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This leads to
HSpring = 12
M∑
s=1
(P̂ sP̂
†
s + ω
2
s Q̂sQ̂
†
s ), (25)
where
ω2s = 1 + 4c sin2
(πs
M
)
. (26)
Here we have used the fact that Q̂u = Q̂†−u, P̂u = P̂ †−u. We introduce the annihilation and
creation operators
aˆs = 1√2ωs
(ωsQ̂s + iP̂ †s ), aˆ†s =
1√
2ωs
(ωsQ̂
†
s − iP̂ s), (27)
so that the Hamiltonian takes the form
HSpring =
M∑
s=1
ωs
(
aˆ†s aˆs +
1
2
)
. (28)
In the Heisenberg picture the annihilation and creation operators evolve according to aˆs(t) =
e−iωstaˆs(0) and aˆ†s (t) = e+iωstaˆ†s (0). Separating the real and imaginary parts, we get
Q̂s(t) = Q̂s(0) cos(ωst) + (1/ωs)P̂ †s (0) sin(ωst),
P̂ s(t) = −ωsQ̂†s (0) sin(ωst) + P̂ s(0) cos(ωst).
(29)
Substituting these into equation (24), we obtain the time evolution for the original position and
momentum operators
qˆn(t) =
M∑
r=1
(qˆr(0)fr−n(t) + pˆr(0)gr−n(t)),
pˆn(t) =
M∑
r=1
(qˆr(0) ˙f r−n(t) + pˆr(0)fr−n(t)),
(30)
where we have deﬁned the useful functions
fk(t) = 1
M
M∑
m=1
e2πimk/M cos(ωmt), gk(t) = 1
M
M∑
m=1
e2πimk/M
sin(ωmt)
ωm
. (31)
Throughout the paper, dots will denote time derivatives. Deﬁning the covariance matrix
elements to be (once we ignore the displacements 〈qˆi〉ρ)
γqnqm = 2Re tr[ρqˆnqˆm], (32)
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we ﬁnd their values at time t as
γqnqm(t) =
M∑
r,s=1
(fr−n(t)fs−m(t)γqrqs + gr−n(t)gs−m(t)γprps
+fr−n(t)gs−m(t)γqrps + gr−n(t)fs−m(t)γprqs),
γqnpm(t) =
M∑
r,s=1
(fr−n(t) ˙f s−m(t)γqrqs + gr−n(t)fs−m(t)γprps
+fr−n(t)fs−m(t)γqrps + gr−n(t) ˙f s−m(t)γprqs),
γpnpm(t) =
M∑
r,s=1
( ˙f r−n(t) ˙f s−m(t)γqrqs + fr−n(t)fs−m(t)γprps
+ ˙f r−n(t)fs−m(t)γqrps + fr−n(t) ˙f s−m(t)γprqs),
(33)
where the γ on the right-hand side are the initial values of the covariance matrix elements.
3.2. Hamiltonian in the RWA
This model is speciﬁed by the Hamiltonian
ĤRWA = 12
M∑
k=1
qˆ2k + pˆ
2
k +
c
2
(qˆk+1 − qˆk)2 + c2(pˆk+1 − pˆk)
2. (34)
In the following, we can carry out the analysis along the same lines as in the previous subsection.
Again, employing the normal co-ordinates, equations (24), we obtain
ĤRWA = 12
M∑
s=1
2s (P̂ sP̂
†
s + Q̂sQ̂
†
s ), (35)
where we now have
2s = 1 + 2c sin2
(πs
M
)
. (36)
Introducing the annihilation and creation operators
aˆs = 1√
2
(Q̂s + iP̂ †s ), aˆ†s =
1√
2
(Q̂†s − iP̂ s) (37)
the Hamiltonian assumes a form
ĤRWA =
M∑
s=1
2s (aˆ
†
s aˆs +
1
2). (38)
In the Heisenberg picture, the annihilation and creation operators then evolve in
time as aˆs(t) = e−i2s t aˆs(0) and aˆ†s (t) = e+i2s t aˆ†s (0). Separating again real and imaginary
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parts we obtain
Q̂s(t) = Q̂s(0) cos(2s t) + P̂ †s (0) sin(2s t),
P̂ s(t) = −Q̂†s (0) sin(2s t) + P̂ s(0) cos(2s t).
(39)
Transforming back to the original position and momentum operators we ﬁnd
qˆn(t) =
M∑
r=1
(qˆr(0)Fr−n(t) + pˆr(0)Gr−n(t)),
pˆn(t) =
M∑
r=1
(−qˆr(0)Gr−n(t) + pˆr(0)Fr−n(t)),
(40)
where we have deﬁned the functions Fk and Gk as
Fk(t) = 1
M
M∑
m=1
e2πimk/M cos(2mt),
Gk(t) = 1
M
M∑
m=1
e2πimk/M sin(2mt).
(41)
Note that these functions are slightly simpler than the corresponding ones in equations (31) as
they lack the frequency s in the denominator. The covariance matrix elements vary in time as
γqnqm(t) =
M∑
r,s=1
(Fr−n(t)Fs−m(t)γqrqs + Gr−n(t)Gs−m(t)γprps
+Fr−n(t)Gs−m(t)γqrps + Gr−n(t)Fs−m(t)γprqs),
γqnpm(t) =
M∑
r,s=1
(−Fr−n(t)Gs−m(t)γqrqs + Gr−n(t)Fs−m(t)γprps
+Fr−n(t)Fs−m(t)γqrps − Gr−n(t)Gs−m(t)γprqs),
γpnpm(t) =
M∑
r,s=1
(Gr−n(t)Gs−m(t)γqrqs + Fr−n(t)Fs−m(t)γprps
−Gr−n(t)Fs−m(t)γqrps − Fr−n(t)Gs−m(t)γprqs).
(42)
4. Propagation of entanglement along the chain
We investigate the capacity of the harmonic chain for transmission of quantum information. The
clearest signature for the ability to transmit quantum information and coherence is the proof of
the ability to transmit one constituent part of an entangled pair of oscillators through the chain.
To analyse the situation, we require the equations of motion for the covariance matrix. Let us
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assume the existence of a distinguished oscillator 0 which is entirely decoupled from the others.
We imagine that at time t = 0 this oscillator is prepared in a two-mode squeezed state with the
ﬁrst oscillator of the chain, whereas all other oscillators are assumed to be in their respective
ground state (assuming no interaction). The initial conditions then read
γq0q0 = γq1q1 = γp0p0 = γp1p1 = cosh(r), γq0q1 = −γp0p1 = sinh(r),
γqsqs = γpsps = 1 for all s>1,
γqrps = 0.
(43)
The 0th oscillator for the interaction via springs will obey a free time evolution which is given
by (using equations (29) and noting that qˆ0 = Qˆ0 and pˆ0 = Pˆ0)
qˆ0(t) = qˆ0(0) cos(ω0t) + pˆ0(0) sin(ω0t)
ω0
,
pˆ0(t) = −ω0qˆ0(0) sin(ω0t) + pˆ0(0) cos(ω0t).
(44)
Similarly, for the RWA interaction,
qˆ0(t) = qˆ0(0) cos(20t) + pˆ0(0) sin(20t),
pˆ0(t) = −qˆ0(0) sin(20t) + pˆ0(0) cos(20t).
(45)
Note, however, that they correspond to local unitary rotations on the 0th oscillator which do
not affect the entanglement between this oscillator and the remaining ones. To simplify the
expressions, we will therefore omit this time evolution in the following. Again we will treat the
two types of interactions described by ĤSpring and ĤRWA separately. The next two subsections
establish the analytical expressions for the time evolution of the entanglement between the 0th
oscillator and the nth oscillator.
4.1. Harmonic oscillators coupled by springs
In this case, employing the special form of the initial conditions for the system (43), the elements
of the covariance matrix describing the 0th and the nth oscillator at time t are given by
γq0q0(t) = γp0p0(t) = cosh(r), γq0qn(t) = sinh(r)fn−1(t),
γp0pn(t) = − sinh(r)fn−1(t), γq0p0(t) = 0, (46)
γq0pn(t) = sinh(r) ˙f n−1(t), γqnp0(t) = − sinh(r)gn−1(t),
and
γqnqn(t) = (cosh(r) − 1)(f 2n−1(t) + g2n−1(t)) +
M∑
s=1
(f 2n−s(t) + g
2
n−s(t)),
γqnpn(t) = (cosh(r) − 1)(fn−1(t) ˙f n−1(t) + gn−1(t)fn−1(t))
+
M∑
s=1
fn−s(t) ˙f n−s(t) + gn−s(t)fn−s(t),
γpnpn(t)= (cosh(r) − 1)( ˙f 2n−1(t) + f 2n−1(t)) +
M∑
s=1
( ˙f 2n−s(t) + f
2
n−s(t)).
(47)
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In the limit of a chain of inﬁnite length, i.e. when M → ∞, we ﬁnd
γq0q0(t) = γp0p0(t) = cosh(r), γq0qn(t) = −γp0pn(t) = sinh(r)fn−1(t),
γq0p0(t) = 0, γq0pn(t) = sinh(r) ˙f n−1(t), (48)
γq0pn(t) = sinh(r) ˙f n−1(t), γqnp0(t) = − sinh(r)gn−1(t)
and
γqnqn(t) = (cosh(r) − 1)(f 2n−1(t) + g2n−1(t)) + ann(t) + dnn(t),
γqnpn(t) = (cosh(r) − 1)(fn−1(t) ˙f n−1(t) + gn−1(t)fn−1(t)) + bnn(t) + enn(t), (49)
γpnpn(t) = (cosh(r) − 1)( ˙f 2n−1(t) + f 2n−1(t)) + cnn(t) + ann(t).
Here we have employed the deﬁnitions ζ = c/(1 + 2c) and  = √1 + 2c, and introduced the
functions
fk(t)= 1
π
∫ π
0
dφ cos(kφ) cos(t
√
1 − 2ζ cosφ),
gk(t)= 1
π
∫ π
0
dφ cos(kφ)
sin(t
√
1 − 2ζ cosφ)

√
1 − 2ζ cosφ ,
(50)
and
ann(t) = 12
(
1 +
1
π
∫ π
0
dφ cos(2t
√
1 − 2ζ cosφ)
)
,
bnn(t) = − 12π
∫ π
0
dφ
√
1 − 2ζ cosφ sin(2t
√
1 − 2ζ cosφ),
cnn(t) = 
2
2
− 
2
2π
∫ π
0
dφ(1 − 2ζ cosφ) cos(2t
√
1 − 2ζ cosφ), (51)
dnn(t) = 12
1√
1 + 4c
− 1
2π
∫ π
0
dφ
cos(2t
√
1 − 2ζ cosφ)
2(1 − 2ζ cosφ) ,
enn(t) = 12π
∫ π
0
dφ
sin(2t
√
1 − 2ζ cosφ)

√
1 − 2ζ cosφ .
While the above set of equations determines the time evolution exactly, they do not provide very
much direct insight into the dynamics of the system. In the following, we will show, however,
that we can obtain very good and compact approximations to the above exact solution in terms of
elementary functions. Although the following derivation is not rigorous in the sense that it does
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not provide error bounds, a numerical comparison between the approximations and the exact
results shows the impressive quality of the approximate solution. As a ﬁrst step, we expand the
functions fk and gk to ﬁrst order in ζ,
fk(t)∼= 1
π
∫ π
0
dφ cos(kφ) cos(t(1 − ζ cosφ)),
gk(t)∼= 1
π
∫ π
0
dφ cos(kφ) sin(t(1 − ζ cosφ)),
(52)
and also drop a factor of 1/
√
1 − 2ζ cosφ in gk. In the following, we will employ Bessel
functions which satisfy the relations
cos(x cos s) = J0(x) + 2
∞∑
n=1
J2n(x) cos(2ns) cos(nπ),
sin(x cos s) = 2
∞∑
n=0
J2n+1(x) cos((2n + 1)s) cos(nπ).
(53)
On using trigonometrical addition theorems one ﬁnds that in ﬁrst order
fk(t) ∼= Jk(ζt) cos
(
t − πk
2
)
,
gk(t) ∼= Jk(ζt) sin
(
t − πk
2
)
.
(54)
A further crucial approximation replaces the time-dependent quantities ann(t), bnn(t), cnn(t),
dnn(t), enn(t) by their time averages, i.e.
ann(t) → lim
T→∞
1
T
∫ T
0
dt ann(t) = 12 ,
bnn(t) → lim
T→∞
1
T
∫ T
0
dt bnn(t) = 0,
cnn(t) → lim
T→∞
1
T
∫ T
0
dt cnn(t) = 
2
2
, (55)
dnn(t) → lim
T→∞
1
T
∫ T
0
dt dnn(t) = 12
1√
1 + 4c
,
enn(t) → lim
T→∞
1
T
∫ T
0
dt enn(t) = 0.
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With all these approximations we ﬁnally obtain
γq0q0(t)
∼= γp0p0(t) ∼= cosh(r),
γq0qn(t)
∼= γp0pn(t) ∼= sinh(r)Jn−1(ζt) cos
(
t − π(n − 1)
2
)
,
γq0p0(t)
∼= γqnpn(t) ∼= 0,
γq0pn(t)
∼= γqnp0(t) ∼= − sinh(r)Jn−1(ζt) sin
(
t − π(n − 1)
2
)
,
γqnqn(t)
∼= (cosh(r) − 1)J2n−1(ζt) +
1
2
+
1
2
1√
1 + 4c
,
γpnpn(t)
∼= (cosh(r) − 1)J2n−1(ζt) + 1 + c.
(56)
Numerical comparisons in later sections will show that these approximate solutions are very
good approximations when r is not too small.
We have so far collected all the elements of the covariance matrix involving the 0th and the
nth oscillators. Sincewewill investigate the entanglement properties between the two oscillators,
we can trace out the rest of the oscillators which leaves us with the covariance matrix of
the reduced system comprising only two oscillators. Employing the ordering (qˆ0, pˆ0, qˆn, pˆn)
we ﬁnd
γSpring ∼=
[
A D
DT B
]
, (57)
where
A =
[
cosh(r) 0
0 cosh(r)
]
,
B =
[
(cosh(r) − 1)Js(t)2 + 12 + (1 + 4c)−1/2/2 0
0 (cosh(r) − 1)Js(t)2 + 1 + c
]
, (58)
D =
[
sinh(r)Js(t) coss(t) − sinh(r)Js(t) sins(t)
− sinh(r)Js(t) sins(t) − sinh(r)Js(t) coss(t)
]
,
where we have used the abbreviations s(t) = t − π(n − 1)/2 and Js(t) = Jn−1(ζt). From
this explicit form for the covariance matrix of the 0th and nth oscillators we can now determine
the symplectic eigenvalues as solutions of the polynomial [24]
η4 − (det(A) + det(B) − 2 det(D))η2 + det(γSpring) = 0. (59)
The solution is given by
η2Spring = 14(y1 − y2), (60)
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where we have
y1 = 2 + c + (1 + c)(1 + 4c)−1/2 − (5 + 2c + (1 + 4c)−1/2)J2s + 3J4s
+ J2s (3 + 2c + (1 + 4c)−1/2 − 4J2s ) cosh(r) + (1 + J2s )2 cosh(2r), (61)
y2 =
√
w + y21
and
w = −8[2J2s + (1 + (1 + 4c)−1/2 − 2J2s ) cosh(r)][J2s + (1 + c − J2s ) cosh(r)]. (62)
Note that we have dropped the time argument in Js(t) to make the expressions appear more
compact. The logarithmic negativity, ﬁnally, is in this approximation given by
NSpring(t) ∼= − log2(min(|ηSpring|, 1)). (63)
Note that the other symplectic eigenvalue is greater than unity.
4.2. Hamiltonian in the RWA
For the Hamiltonian HRWA one proceeds along very similar lines, i.e. taking the limit M → ∞
to ﬁnd
Fk(t) = 1
π
∫ π
0
dφ cos(kφ)cos[2RWAt(1 − ζRWA cosφ)],
Gk(t) = 1
π
∫ π
0
dφ cos(kφ)sin[2RWAt(1 − ζRWA cosφ)],
(64)
with RWA =
√
1 + c and ζRWA = c/(1 + c), which are exactly
Fn(t) = Jn(ct) cos(2RWAt − πn/2),
Gn(t) = Jn(ct) sin(2RWAt − πn/2).
(65)
We ﬁnd the covariance matrix elements to be
γq0q0(t) = γp0p0(t) = cosh(r),
γq0p0(t) = γqnpn(t) = 0,
γq0qn(t) = −γp0pn(t) = sinh(r)Fn−1(t), (66)
γq0pn(t) = γqnp0(t) = −sinh (r)Gn−1(t),
γqnqn(t) = γpnpn(t) = (cosh(r) − 1)(F 2n−1(t) + G2n−1(t)) + 1.
Note that now the terms corresponding to ann(t), bnn(t), cnn(t), dnn(t) and enn(t) do not need to
be approximated as all time dependences cancel each other out conveniently in the expressions
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as opposed to the spring case. Again we can write the covariance matrix of the reduced system
comprising only the 0th and the nth oscillator employing the ordering (qˆ0, pˆ0, qˆn, pˆn), and ﬁnd
γRWA =
[
A D
DT B
]
(67)
with
A =
[
cosh(r) 0
0 cosh(r)
]
,
B =
[
(cosh(r) − 1)JRWA(t)2 + 1 0
0 (cosh(r) − 1)JRWA(t)2 + 1
]
, (68)
D =
[
sinh(r)JRWA(t) cosRWA(t) − sinh(r)JRWA(t) sinRWA(t)
− sinh(r)JRWA(t) sinRWA(t) − sinh(r)JRWA(t) cosRWA(t)
]
,
where we have used the abbreviations RWA(t) = 2RWAt − π(n − 1)/2 and JRWA(t) = Jn−1(ct).
Note that these expressions are very similar to those for the ﬁrst interaction type. The symplectic
eigenvalues are given by the solutions of
η4 − (det(A) + det(B) − 2 det(D))η2 + det(γRWA) = 0. (69)
This gives rise to
η2RWA = 12(z1 − z2), (70)
with
z1 = (1 + J2RWA) cosh2(r) + 2J2RWA sinh2(r)
+ 2J2RWA(1 − J2RWA) cosh(r) + (1 − J2RWA)2, (71)
z2 =
√
v + z21,
where
v = −4((1 − J2RWA) cosh(r) + J2RWA)2. (72)
Again we have dropped the explicit time dependence in JRWA for brevity of notation. The
logarithmic negativity is then given by
NRWA(t) = − log2(min(|ηRWA|, 1)). (73)
Having prepared all the analytical work we need, we can now proceed to investigate the
entanglement dynamics of the harmonic chain.
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5. Study of the entanglement dynamics of the harmonic chain
In this section, we study numerically and analytically, various aspects of the entanglement
dynamics of the harmonic chain with various initial states and geometrical arrangements for
both types of interactions. We begin by brieﬂy revisiting the effect of the spontaneous creation
of entanglement which is obtained when the interaction strength between the oscillators is
globally changed suddenly [11]. This effect can only be observed in a model in which the
oscillators are coupled via springs. In the RWA, this effect does not occur as both the coupled and
uncoupled chains have an identical ground state. Then we move on to consider the propagation
of entanglement through a harmonic chain. Surprisingly, for harmonic oscillators coupled with
springs corresponding to a phonon model, we observe a non-monotonic transfer efﬁciency in
the initially prepared amount of entanglement, i.e. an intermediate amount of entanglement
is transferred with the highest efﬁciency. In the RWA, the transfer efﬁciency is monotonic
although equally surprising. We provide analytical expressions for the propagation speed of
the entanglement through the chain together with approximate analytical expressions for the
transfer efﬁciency. We also study the inﬂuence of imperfections such as ﬁnite temperatures
and different coupling constants. Finally, we study different geometrical conﬁgurations that are
analogous to quantum optical devices such as beamsplitters and interferometers and observe
characteristic differences when initially thermal or squeezed states are entering these devices.
We propose ways in which these devices may be in and out of action, thereby allowing
for the creation of pre-fabricated quantum networks that can be programmed by external
switches.
5.1. Spontaneous creation of entanglement
We consider all the harmonic oscillators to be in the ground state and initially uncoupled, i.e.
γqnqm = δnm, γqnpm = 0, γpnpm = δnm. (74)
We suddenly switch on the interaction at time t = 0 and observe the dynamical evolution of
entanglement. We do not observe any entanglement with the HRWA interaction (because we have
not included a mechanism to produce a spontaneous excitation, i.e. we do not have terms such
as a†ka
†
k+1), so we will exclusively deal with ĤSpring. We limit our scope to numerical results
because the analytical expressions, while they can be provided, are too complicated to yield
any insight. Note also that the approximations used below in the squeezed state case cannot
be applied here. A typical example of the time evolution of entanglement is shown in ﬁgure 1.
In an open chain of length 30, we study the time evolution of the entanglement between the
ﬁrst and the last oscillator. We observe no entanglement for a ﬁnite time until at a time t0
one ﬁrst encounters a build-up of entanglement between the two oscillators. This time t0 is
approximately given by
t0 ∼= n2ζ , (75)
i.e. the time t0 is approximately linear in n, the separation of the oscillators. It should be noted
that t0 is half as large as the time that is required for a perturbation at the ﬁrst oscillator to travel
to the nth oscillator. This suggests that the origin of the entanglement between the ﬁrst and
the nth oscillator arises from the interaction of those oscillators exactly half-way in between.
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Figure 1. The time evolution of entanglement between the ﬁrst and the last
oscillator in an open chain of length 30 when all the oscillators are initially in the
ground state. The coupling strength c = 0.1 has been chosen for the solid line
(c = 0.15 for the dashed line).
Their entanglement is generated by the initial sudden switching of the interaction and then
propagates through the chain. This idea will be further corroborated in the later subsections
when the propagation of pre-prepared entanglement is considered. Furthermore one ﬁnds that
the dependence of themaximal degree of entanglement asmeasured by the logarithmic negativity
is approximately proportional to n−1/3 for large n until it reaches values of about 10−2 when it
begins to drop quite rapidly to vanish entirely. It should be noted that for any parameters of
the model, there exists a ﬁnite n such that the state of the ﬁrst and the nth oscillator is separable
at all times. For the coupling value of c = 0.1 this will happen for n ∼= 20 000. Therefore,
the value of largest separation is very large indeed for reasonable coupling strengths.To appreciate
that this is a somewhat surprising behaviour, it should be contrasted with the entanglement
structure in the ground state of the chain. Then it can be shown that for any chosen coupling
strength two distinguished oscillators are never in an entangled state, unless they are immediately
neighbouring [12].
Here we have studied the special case of the entanglement between the endpoint of an open
chain. It should be noted that this is a particularly favourable conﬁguration. For a given distance
between oscillators one always obtains the largest amount of entanglement when one places
them at the opposite ends of an open chain. Two oscillators in a very long chain with the same
distance andwith positions well away from the ends of the chain will lead to considerably smaller
amounts of entanglement. Indeed, the amount of entanglement will differ by approximately a
factor of 4. This discrepancy is due to the fact that at the ends of the chain the oscillators possess
fewer neighbours with which they can become entangled. As we discard all oscillators other
than two any entanglement with other oscillators will deteriorate the entanglement between the
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distinguished oscillators. While this does not explain the factor of 4 quantitatively, it gives
an intuitive picture for the decrease of entanglement that will be discussed in more detail
later on.
5.2. Thermal state case
In the previous section, we have studied the entanglement dynamics in an environment that is at
zero temperature. This is reﬂected by the fact that the initial state of our harmonic oscillators is
assumed to be the vacuum.Wewill nowmove one step further towards amore realistic description
by setting the initial state as a thermal equilibrium state. As with the ground-state case, we do
not establish entanglement for the HRWA interaction as a thermal state can be represented as a
mixture of displaced vacuum states which do not lead to any spontaneous entanglement in the
RWA. Therefore, we shall again only consider the HSpring interaction. The thermal equilibrium
state is given by
γqnqm = δnm
(
1 +
2
eω/T − 1
)
,
γqnpm = 0, (76)
γpnpm = δnm
(
1 +
2
eω/T − 1
)
.
The equations of motion are then
γqnqm(t) =
(
1 +
2
eω/T − 1
)
(anm(t) + dnm(t)),
γqnpm(t) =
(
1 +
2
eω/T − 1
)
(bnm(t) + enm(t)), (77)
γpnpm(t) =
(
1 +
2
eω/T − 1
)
(cnm(t) + anm(t)).
Appropriate values for the temperatures have to be obtained from experiment in the particular
context under consideration, but it appears possible nowadays to achieve ratios T/ω 
 1 in
different physical systems (note that we have taken h¯= 1 and k = 1) such as nanomechanical
oscillators. We consider again an open chain instead of a closed ring. This renders the analytical
treatmentmore difﬁcult butmakes nodifference for the numerics.The entanglement depends little
on the temperature as long as themean thermal photon number iswell belowunity. Figure 2 shows
the temperature dependence of entanglement evolution. We observe that down to temperatures
corresponding to x = 10, the entanglement evolution is almost exactly the same as in the ground-
state case. Only when x < 10 we see an effect of a ﬁnite temperature. Even for x = 6, we still
have a signiﬁcant portion of entanglement albeit a small delay in the arrival of entanglement. A
more realistic scenario is dealt with in [11].
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Figure 2. The time evolution of entanglement between the ﬁrst and the last
oscillator (with open boundary conditions). We have ﬁxed c = 0.1; the chain
consists of 30 oscillators, and x = ω/T for x  10 (——) and x = 6 (- - - -).
Decoherence mechanisms may be included without leaving the harmonic setting. Often, the
high-temperature limit of Ohmic quantum Brownian motion is appropriate with an independent
heat bath for each oscillator in the limit of negligible friction and under the assumption of product
initial conditions. Such a decoherence mechanism can be accounted for by adding terms of the
form [27, 28]
−ξ[qˆn, [qˆn, ρ]] (78)
to the idealized unperturbed generator of the dynamical map for each of the oscillators, where
the real number ξ speciﬁes the decoherence time scale. However, in cases where product
initial conditions are inappropriate or unrealistic, decoherence may still be modelled using,
for example, time-convolutionless projection operator techniques [29]. In small systems, non-
product conditions may be incorporated by explicitly appending heat baths to each of the
oscillators with a linear coupling [30], according to Hamiltonians of the form
Ĥn =
(
qˆn⊗
m∑
i=1
ξjqˆ
(i)
j
)
(79)
with real numbers ξj, where the qˆ(i)j denote the canonical co-ordinates corresponding to position
of the ith oscillator of the jth heat bath consisting of m oscillators. Assuming a particular
form of the spectral density, the coupling strength to the ﬁnite heat baths may be chosen in a
way that is consistent with empirically known values for energy dissipation. Often, Q-factors
are approximately known for resonators, which quantify the number of radians of oscillations
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Figure 3. Same as ﬁgure 1, without Ohmic dissipation and decoherence (——),
and with Ohmic dissipation corresponding to Q = 10 000 (- - - -) and Q = 1000
(· · · · · ·).
necessary for the energy to decrease by a factor of 1/e. Hence, on the basis of these Q-factors,
the appropriate coupling may be evaluated. Figure 3 shows the inﬂuence of decoherence in case
of an open chain with the same parameters as in ﬁgure 1 for an Ohmic heat bath, i.e. ξj = j/m,
where  > 0 is the cut-off frequency of the environment modes. One ﬁnds that the created
entanglement by suddenly switching on the interaction is surprisingly robust against decoherence
within this model.
5.3. Entanglement transport through the harmonic chain
In the previous section, we considered the case where no entanglement was present in the
initial state of the system. Entanglement emerged as a consequence of a sudden change in
the coupling constant between neighbouring harmonic oscillators. In this subsection, we will
investigate a different situation and consider the transmission of entanglement through a one-
dimensional chain. To this end, we initialize two harmonic oscillators in a two-mode squeezed
state. We assume that one of these oscillators is decoupled from the rest and assign it the
index 0, while the other oscillator, with index 1, forms part of a chain of harmonic oscillators
with nearest-neighbour interaction. The remainder of the chain starts out in the ground state
corresponding to zero temperature (assuming no interactions). By evolving the initial state, we
expect the entanglement to travel along the chain so that with increasing time more and more
distant oscillators will be entangled with the 0th harmonic oscillator. There are a number of
free parameters that can be varied: the coupling strength c, the amount of initial entanglement
quantiﬁed by the two-mode squeezing parameter r, the time t and the position of the oscillator to
be entangled with the 0th oscillator. To simplify the analytical work, we shall be dealing with the
limit M → ∞.
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Figure 4. The time evolution of entanglement between the 0th and the 30th
oscillator in a chain with 80 oscillators with periodic boundary conditions. We
have chosen c = 0.1 and r = 0.8 in both cases. The entanglement propagates
slightly faster in the rotating wave interaction.
While in the previous section, the interaction in the RWA does not lead to the spontaneous
creation of entanglement, here it allows for the propagation of entanglement.We give an example
for the time evolution of the logarithmic negativity between the 0th and the 30th oscillator for
both interactions in ﬁgure 4. For both interactions we obtain qualitatively the same behaviour
but we observe that under the RWA interaction the entanglement propagates somewhat faster but
as expected this difference decreases with decreasing coupling constant c. Another difference is
the fact that the entanglement under the RWA interaction does not exhibit the small-amplitude
oscillations that the interaction due to harmonic oscillators coupled by springs exhibits due to
the existence of counter-rotating terms of the form aˆkaˆk+1. The propagation of the quantum
entanglement can be seen even more clearly in ﬁgure 5, where for a ring composed of 40
oscillators and a coupling constant of c = 0.1 the time evolution of the logarithmic entanglement
between an uncoupled oscillator and the nth oscillator is shown when initially the uncoupled
oscillator and the ﬁrst oscillator are coupled. One observes that with increasing time more and
more distant oscillators are becoming entangled. Entanglement propagates both clockwise and
anti-clockwise around the ring. After a sufﬁciently long time it becomes important that the ring
has a ﬁnite size and the two counter-rotating ‘entanglement waves’ meet at the opposite end of
the ring and we observe some entanglement enhancement. Both ﬁgures 4 and 5 suggest that
entanglement can be distributed to distant oscillators. It will therefore be interesting to study
the efﬁciency for this transfer when we vary the amount of entanglement provided initially
by varying r. In particular, we will be interested in the ﬁrst local maximum in the amount
of entanglement Nf as quantiﬁed by the logarithmic negativity. We separate the study of the
entanglement transfer efﬁciency for the two interactions as they exhibit distinctly different
behaviours. We begin with the interaction describing oscillators interacting via springs. Figure 6
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Figure 5. For a ring of 40 oscillators and a coupling constant of c = 0.1 the time
evolution of the logarithmic entanglement between an uncoupled oscillator and
the nth oscillator is shown when initially the uncoupled oscillator and the ﬁrst
oscillator are in a two-mode squeezed state with two-mode squeezing parameter
r = 0.8. With increasing time more and more distant oscillators are becoming
entangled. Entanglement propagates both clockwise and anti-clockwise around
the ring.After a sufﬁciently long time the two counter-propagating ‘entanglement
waves’ meet at the opposite end of the ring and we observe some entanglement
enhancement.
shows the amount of entanglement at the ﬁrst local maximum as squeezing is varied.We observe
the remarkable fact that for large initial entanglement, the value ofNf saturates.We can obtain an
analytic expression for the saturation value as a function of c and n by taking the r → ∞ limit.
Thus, we approximate η2Spring ∼= −w/(8y1) of equation (60) and, discarding all the terms except
cosh2(r) ∼= e2r/4 and cosh(2r) ∼= e2r/2, we obtain
η2Spring
∼= (−2J
2
max + (1 + 4c)−1/2 + 1)(−J2max + c + 1)
2(J2max + 1)2
, (80)
where Jmax = 0.6748851(n − 1)−1/3 [31] is the value of the ﬁrst maximum of the nth Bessel
function of the ﬁrst kind. This substitution provides a very good approximation as the ﬁrst local
maximum of the logarithmic negativity coincides with that of the nth Bessel function. Therefore,
we ﬁnd Nsat = −log2(|ηSpring|) and is shown in ﬁgure 7. We observe that the saturation value
decreases for both increased coupling strength and increased distance.While the latter is intuitive
the former might be surprising as one could have thought that it is advantageous to increase the
coupling strength to facilitate the transfer of entanglement but this intuition is clearly contradicted
by ﬁgure 7. Even more striking is that the entanglement vanishes entirely when the interaction
strength becomes too high. We believe that this is due to the fact that the initial entanglement
disperses across several oscillators, and we will discuss this at the end of this subsection.
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Figure 6. For oscillators interacting by springs the graph shows the amount of
entanglement at the ﬁrst local maximum as squeezing is varied. We have ﬁxed
c = 0.1 and n = 30.
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Figure 7. A graph to show how the saturation value Nsat for the logarithmic
negativity varies with the coupling strength c and the position n of the second
oscillator.
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Figure 8. The efﬁciency of transmission as squeezing is varied for c = 0.1 and
n = 30. Surprisingly, the transmission efﬁciency exhibits a maximum at a ﬁnite
initial entanglement.
If we translate these ﬁndings into an entanglement transfer efﬁciency deﬁned by
Teff = Nf
Ni
, (81)
then we observe that this efﬁciency exhibits a non-monotonic behaviour. Indeed, we observe a
maximum in the efﬁciency as shown in ﬁgure 8 for the same parameters as in ﬁgure 6. We have
not yet found a convincing and intuitive explanation for the occurrence of a maximum in the
transfer efﬁciency.3 In fact, we will shortly see that the phenomenon of a non-monotonic transfer
efﬁciency is absent in the RWA interaction. The surprising implication of this non-monotonic
behaviour of the transmission efﬁciency is that it is advantageous to transmit entanglement in
intermediate size portions rather than in one very large packet.
Let us now consider the same problem of the entanglement transfer efﬁciency in the RWA
interaction. Indeed, we can show that there is still saturation in the amount of entanglement that
can be transmitted and we ﬁnd the value of the saturation to be (after taking r → ∞)
Nsat = −log2
(
1 − J2max
1 + J2max
)
, (82)
where again Jmax = 0.6748851(n − 1)−1/3 [31] is the value of the ﬁrst maximum of the nth
Bessel function of the ﬁrst kind. Note that this expression is independent of the coupling
3 Note that a similar non-monotonic behaviour of efﬁciencies can be observed in different situations such as in the
efﬁciency of transferring entanglement from squeezed light to two qubits [32] or the generation of entanglement
from thermal light [33].
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Figure 9. The efﬁciency of the RWA interaction versus the two-mode squeezing
parameter r, n = 30 and c = 0.1.
strength c. Unlike the case of oscillators interacting with springs there is no maximum in the
efﬁciency for the RWA interaction as can be seen clearly in ﬁgure 9. Indeed, for large r, the
efﬁciency is tending to zero while for r approaching 0 the efﬁciency tends to Teff = Jmax.
Since the efﬁciency is not equal to unity for both interactions, the question arises as to where
the rest of the entanglement is located. The most obvious place is to search in the neighbourhood
of the nth oscillator. Since we always determine the entanglement between individual oscillators,
we ignore many others that have interacted with it and have thereby become entangled. Any
entanglement between these two oscillators will therefore deteriorate as they are being entangled
with other oscillators that we choose to ignore. This viewpoint is corroborated by determining
the entanglement between the 0th oscillator and a whole group of neighbouring oscillators
instead of a single one. The result of this can be seen in ﬁgure 10. This shows the change in
the amount of entanglement as we increase the number of oscillators in the second group. The
graph supports the idea that the missing entanglement between the 0th and the nth oscillator is
due to the creation of entanglement between the nth oscillator and its neighbours because we
start to recover entanglement as we compute the entanglement between the 0th oscillator and
the neighbourhood of oscillators surrounding the nth oscillator. This spread of entanglement is
not dissimilar to a dispersion of the energy of a wavepacket as it experiences different group
velocities. However, the effect on the entanglement can be considerably stronger as the energy
will only decrease linearly with the width of the wave-packet, whereas the entanglement can
drop much more rapidly and become zero at ﬁnite spreading.
5.4. Speed of entanglement propagation
We have found that the propagation of half the two-mode squeezed state through the chain takes
a ﬁnite time as the entanglement between the 0th and the nth oscillator is exactly zero for a ﬁnite
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Figure 10. The change in the amount of entanglement as the number of
oscillators of system B centred around the 20th oscillator is increased from
n2 = 1 to 21. We have a ring of 70 oscillators with squeezing parameter r = 0.8.
Increasing the number of neighbours increases the amount of entanglement
available. This corroborates the idea that the loss of entanglement is due to
dispersion.
time interval (see e.g. ﬁgure 4). After a certain amount of time, the two oscillators in question
become entangled and the logarithmic negativity reaches a temporary maximum. We are able
to determine this time analytically for both types of interactions that we are considering. To
make the analysis tractable, we consider an inﬁnitely long chain. We ﬁnd that the ﬁrst maximum
of the logarithmic negativity coincides with the ﬁrst maximum of a Bessel function Jm(x). We
know the position of this maximum occurs at x = m + 0.8086165m1/3 [31]. Noting that m =
n − 1, x = ζt = ct/√1 + 2c for Hooke’s law interaction and x = ct in the RWA interaction,
we obtain
tSpring = n − 1 + 0.8086165(n − 1)
1/3
ζ
, (83)
tRWA = n − 1 + 0.8086165(n − 1)
1/3
c
. (84)
We observe that the time that is required for entanglement to be established between the 0th
and the nth oscillator is a function of the coupling strength and the position n. For large
separations n, it quickly becomes linear in n and, as expected, the larger the coupling c the faster
entanglement is established. We also see that the RWA interaction produces faster entanglement
since tSpring/tRWA =
√
1 + 2c. As n − 1 is the separation of the ﬁrst and the nth oscillator, we
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can deﬁne the speed of propagation to be
vSpring = c√
1 + 2c(1 + 0.8086165(n − 1)−2/3)
∼= c√
1 + 2c
,
vRWA = c1 + 0.8086165(n − 1)−2/3
∼= c.
(85)
Clearly, for large n, the speeds approach a constant dependent on c. For the RWA interaction, the
propagation velocity increases linearly with c. This is an attractive feature, because, unlike the
case of interaction via springs, the efﬁciency under the RWA does not decrease as we increase c
because its efﬁciency is independent of c.
5.5. Optimization of entanglement transfer and generation
In the previous section, we have studied the entanglement transfer along a chain of identical
harmonic oscillators as this will be the situation that is most easily implemented experimentally.
However, we observe that the transmission efﬁciency decreases with distance. One might expect
that one can improve this efﬁciency by tuning the couplings and the eigenfrequencies of the
harmonic oscillators suitably. Indeed, in this section, we will show what can be achieved in this
more general setting. For simplicity, we consider the task of transmitting one-half of a two-mode
squeezed state from one end of an open chain to the other.
We assume, as usual, one decoupled harmonic oscillatorwith index 0 and a chain of lengthM
through which the other half of the two-mode squeezed state is transmitted. Perfect transmission
from one end of the chain to the other is possible in the RWA of nearest neighbours if we choose
the interaction strength
Vn,n+1 = Vn+1,n = c
√
n(M − n) (86)
and
Vn,n = 1, (87)
with the real number c being sufﬁciently small for V to be positive. The choice of the diagonal
elements being all equal to 1 is equivalent to the requirement that we choose the eigenfrequencies
ωn of the uncoupled oscillators as
ω1 = 1 − c
√
(M − 1),
ωn = 1 − c
√
n(M − n) − c
√
(n − 1)(M − n + 1).
(88)
That the transmission is perfect can be shown by ﬁrst realizing that in an interaction picture
with respect toH0 =
∑
i(qˆ
2
i + pˆ
2
i )/2 in which the diagonal elements of V vanish (this interaction
picture will leave all entanglement properties unaffected as it is of direct sum form) we can
replace [
Q(t)
P(t)
]
= exp
([
0 VI
−VI 0
]
t
)[
Q
P
]
, (89)
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where Q and P are column vectors, by the complex notation Q − iP so that
(Q − iP)(t) = eiVI t(Q − iP). (90)
Now we need to realize that VI is a quantum mechanical representation of a rotation. This allows
the evaluation of the matrix elements of eiVI t. In particular, we ﬁnd that
(eiVI t)1M = (sin(ct/2))M−1, (91)
so that one can generate an interchange between the ﬁrst and the Mth co-ordinate by waiting for
a time t = π/c (see [8] for an analogous argument in spin chains).
Without the assumption of the RWA, i.e. choosing the Hamiltonian HSpring to describe the
time evolution the above simple argument fails and indeed it is not possible to tune the nearest-
neighbour couplings alone to generate perfect transfer of entanglement for M > 2. However, if
one chooses the couplings as above and decreases the value of the constant c, then, for a ﬁxed
distance, one can obtain arbitrarily good transfer efﬁciency at the expense of an increased delay
time. This should not come as a surprise, as in the case of c → 0 the RWA becomes exact as the
terms that are neglected in the RWA are of orderO(c2). Therefore, for entanglement distribution
over a ﬁxed distance they will play a decreasing role as the time of arrival for the entanglement
is of the order O(c−1).
The case M = 2 is an exception, where one may realize an exact swap of the state of the
1st to the 2nd oscillator. To show this, note that speciﬁc covariance matrix elements of the 0th
and the 2nd oscillator are given by
γp0p2(t) = −sinh (r)f1(t), γq0qn(t) = sinh(r)f1(t),
γq0p2(t) = sinh(r) ˙f 1(t), γq2p0(t) = −sinh (r)g1(t).
(92)
Considering the functions f1 and g1 as speciﬁed in equations (31), we ﬁnd that there exist a real
number c and a time t such that simultaneously
f1(t) = 1, ˙f 1(t) = 0, g1(t) = 0 (93)
can be satisﬁed. This is the case when we chose the real c such that there exist natural numbers
k and l such that
c = 1
4
(
(2k + 1)2
l2
− 1
)
(94)
and t = lπ. Then, it follows that, as the 0th oscillator is invariant and the state of the 0th and the
2nd oscillator necessarily corresponds to a pure Gaussian state, the 1st oscillator is necessarily
decoupled from the other two. In this sense, the state can be swapped from one oscillator to the
other, while retaining the entanglement with the 0th oscillator. Hence, one has a perfect channel
for appropriate times.
5.6. Sensitivity to random variations in the coupling
In the preceding subsections, we have discussed an ideal model in which all experimental
parameters can be determined perfectly. Any real experimental set-up however will suffer small
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variations in parameters such as the coupling strength between neighbouring oscillators. To
conﬁrm that the effects that have been found in this work can be observed in real experiments,
we consider in the following the impact of random-position-dependent variations in the coupling
strength between neighbouring oscillators. As an example, we consider an open chain with
potential matrix
V =

1 0 0 0 · · · 0 0
0 1 + c1,2 −c1,2 0 · · · 0 0
0 −c1,2 . . . . . . 0
0 0 . . . 1 + ci−1,i + ci,i+1 −ci,i+1 0 ...
...
... −ci,i+1 1 + ci,i+1 + ci+1,i+2 . . . 0
0 0 . . . . . . −cn−1,n
0 0 0 · · · 0 −cn−1,n 1 + cn−1,n

, (95)
where ci,j = c + ci,j is the position-dependent coupling between the ith and jth oscillators,
where ci,j is a realization of a random variable distributed according to a normal N(0,c)
distribution. For a chain of length 10, an average coupling constant of c = 0.1 and an initial
two-mode squeezed state with squeezing parameter r = 0.8. Figure 11 shows the ratio of the
ﬁrst maximum for the case of slightly perturbed couplings over the idealized case versus the
perturbation size c. We observe that for c/c  0.25, the achieved entanglement is greater
than 95% of the degree of entanglement in the unperturbed case. Similar results apply for the
RWA interaction. These results indicate that sending quantum information along the chain is
stable under perturbations.
Similar considerations can be made for the spontaneous creation of entanglement which
show that the results are much more sensitive to perturbations. Indeed, with the same
speciﬁcations as above, we ﬁnd the entanglement at the ﬁrst maxima to be between a small
fraction and twice the amount for the non-perturbed case when c/c = 0.5. This suggests that
the experimental demands for the veriﬁcation of the spontaneous creation of entanglement are
considerably higher than for the distribution of entanglement.
5.7. Other geometrical arrangements: beamsplitters and interferometers
So far we have studied only a linear chain of harmonic oscillators through which quantum
entanglement can be propagated. However, it might be interesting to consider more complicated
structures which may be used as building blocks for more complicated networks, in principle,
any arrangement corresponding to an arbitrary weighted graph. In this subsection, we will study
brieﬂy two possible extensions of the linear chain, namely a Y-shaped conﬁguration which can
be used for the generation of entanglement and a conﬁguration resembling an interferometer.
We show furthermore how such conﬁgurations may be switched on and off thereby controlling
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Figure 11. The ratio of the ﬁrst maximum for the case of slightly perturbed
couplings over the idealized case versus the relative perturbation size c/c for
a chain of length 30, r = 0.8 and c = 0.1. Each data point has been obtained as
an average over 4000 realizations. The resulting curve is very well ﬁtted by the
function f(c/c) = 1 + 0.02382c/c − 1.60481(c/c)2 + 1.59676(c/c)3.
the transport of quantum information in such a structure. A more detailed discussion of such
structures and their optimization will be presented elsewhere. The material in this subsection
should merely serve as examples for possible alternative ways of creating and manipulating
entanglement through propagation in pre-fabricated structures.
We begin by considering a chain ofY-shape which is shown in ﬁgure 12. One arm consisting
ofMin oscillators is connected to two further arms each consisting ofMout oscillators.As usual,we
consider nearest-neighbour interactions only and, for simplicity and the clearest demonstration of
the effects, we restrict attention to the RWA interaction.We assume that the structure is initially in
the ground state, i.e. at temperature T = 0.At time t = 0, we perturb the ﬁrst harmonic oscillator
exciting it either to a thermal state characterized by covariance matrix elements
γq1q1 = γp1p1 = z (96)
for some z, or a pure squeezed state characterized by covariance matrix elements
γq1q1 = 1/γp1p1 = z. (97)
As an example we choose a coupling constant of c = 0.2, and let the arms of theY-shape contain
Mout = 30 oscillators each while the base contains Min = 10 oscillators. In ﬁgure 13, we present
the results for the choice of a squeezed state with γq1q1 = 10 = 1/γp1p1 and a thermal state with
γq1q1 = 10 = γp1p1 .
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Figure 12. A Y-shaped structure is depicted as described in the text. A single
incoming arm consisting of Min oscillators (here 7) is connected to two outgoing
arms each consisting of Mout oscillators (here 4).
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Figure 13. In a chain with Y-shape and nearest-neighbour interaction of RWA
type the ﬁrst oscillator at the foot of theY-shape is either excited to a squeezed state
with γqq = 10 = 1/γpp or a thermal state with γqq = 10 = γpp. The remaining
oscillators are in the ground state.The perturbation propagates along the chain into
both arms of theY-shape. For an initial thermal state excitation no entanglement
is ever found between the ends of the two arms of theY-shape while entanglement
is generated when the initial state is a squeezed state. The coupling constant is
chosen as c = 0.2, the arms of theY-shape contain 30 oscillators each while the
base contains 10 oscillators.
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Figure 14. A diagram of the interferometric set-up.
We observe that for an initial thermal state excitation no entanglement is ever found between
the ends of the two arms of the Y-shape. This can be understood because a thermal state is a
mixture of coherent states, i.e. displaced vacuum states. If the system is initialized in the vacuum
state it will evidently not lead to any entanglement in the RWA and therefore an initialization in
a thermal state cannot yield entanglement either. On the other hand, considerable entanglement
is generated when the initial state is a squeezed state. It is possible to optimize the generation
of entanglement by adjusting the strength of the nearest-neighbour couplings but this will be
pursued elsewhere. These two observations resemble closely optical beamsplitters which do not
create entanglement from thermal state input but can generate entanglement from squeezed inputs
(see [34] for a comprehensive treatment of the entangling capacity of linear optical devices).
Another interesting set-up is shown in ﬁgure 14. We will henceforth call this the
interferometric set-up. Let the number of oscillators on the left (including the junction), upper
arm, lower arm and on the right be ML, MU, MD and MR, respectively. If we prepare a
two-mode squeezed state between a decoupled oscillator and the leftmost oscillator of the
interferometric set-up, then we are interested in how much entanglement propagates through
the set-up depending on the properties of the two arms. One may vary different parameters such
as the length of one of the arms, the coupling strength or eigenfrequency of the oscillators in
one arm. We will focus on how the change in eigenfrequency ω of the harmonic oscillators
in one of the arms affects the propagation of entanglement through the interferometric device.
We change the eigenfrequencies of the oscillators smoothly across one arm following ωi =
1 + (ω − 1) × min(i,MU + 1 − i)/(MU/2) so that the oscillator half-way through the arm has
frequency ω. Figure 15 shows the logarithmic negativity between the decoupled oscillator and
the last one in the interferometric conﬁguration at the time t = 250 plotted against ω. The
other parameters are MU = MD = 30, ML = MR − 1 = 9 and c = 0.2. One clearly observes
interference fringes in the frequency ω that are related to the effective path-length difference
between the upper and the lower arms. The interference fringes do not have full amplitude
and their amplitude is reduced for increasing ω. More sophisticated choices for the coupling
parameters in the interferometric structure can improveon these imperfections.This demonstrates
that in interferometric structure the transmission through the device will be strongly inﬂuenced
by changes of the properties of one arm of the structure.
This shows that more complicated structures such as the Y-shape or the interferometric
may be used to create entanglement from an initially unentangled system and transport it. There
is a distinct analogy here to quantum optical networks which might be used for information
processing either employing the polarization degree of freedom or, as we did here, the excitation
New Journal of Physics 6 (2004) 36 (http://www.njp.org/)
35 DEUTSCHE PHYSIKALISCHE GESELLSCHAFT
0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5
0
0.05
0.1
0.15
0.2
0.25
ω
N
(ω
)
Figure 15. The logarithmic negativity N(ω) between the decoupled oscillator
and the last one in the interferometric conﬁguration at the time t = 250 plotted
against ω. We have chosen ML = MR − 1 = 9, MU = MD = 30 and c = 0.2 in
the RWA interaction. One clearly observes interference fringes.
number degree of freedom. This suggests that one could construct similar ‘hardwired’ networks
on the level of interacting quantum systems that could then perform certain quantum information
processing or communication tasks. This might involve structures such as theY-shape presented
here but may also implement structures such as interferometer structures shown in ﬁgure 14 or
multi-input devices.
If one were to consider hardwired structures, then it would be necessary to devise methods
by which these structures could be switched on and off. Here we explore two possibilities. First,
one might change the coupling strength cJunction of the oscillator at the three-way junction in the
Y-shape. Apart from the obvious fact that they remain disentangled for cJunction = 0 (i.e.
uncoupled), we ﬁnd the ﬁrst maximum for the entanglement decreases to roughly half the value
for large coupling strength cJunction = 0.8. This is shown in ﬁgure 16. A further increase of the
coupling strength to cJunction = 5 does not lead to further signiﬁcant change.A different approach
would be to change the eigenfrequency or the mass of the junction oscillator while keeping the
coupling strength the same as the other oscillators. Indeed, if we increase the eigenfrequency
ωJunction, the entanglement can be reduced to an arbitrarily small amount for both RWA and spring
interactions. A decrease of the eigenfrequency is less efﬁcient but would also allow a signiﬁcant
reduction of the amount of entanglement generated in the device. Figure 17 demonstrates these
effects achieved by changing the eigenfrequency of the junction oscillator in theY-shape. It should
be noted that the dependence of the logarithmic negativity with the eigenfrequency ωJunction is
almost perfectly ﬁtted by a Lorentzian line shape.
The above examples suggest that it is possible to switch on and off pre-fabricated devices
such as the Y-shape shown above by adjusting either the coupling strength (decreasing it, i.e.
approach decoupling) or the eigenfrequency (increasing it). Such a manipulation of the junction
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Figure 16. The degree of entanglement in theY-structure in terms of the coupling
strength cJunction of the oscillator at the three-way junction. The parameters are
chosen identically as in ﬁgure 13.
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Figure 17. By increasing and decreasing ωJunction respectively in theY-shape we
observe a noticeable change in the amount of entanglement that is generated in
the device. The other parameters are chosen as in ﬁgure 13.
oscillator dictates the quantum information ﬂowing through the junction. An example for a
possible implementation of such a switch from an optical setting would be coupled optical
cavities which are ﬁlled with atoms. Laser irradiation of these atoms would then lead to a shift in
the resonance frequency of the cavity which corresponds to a change in the eigenfrequency of a
harmonic oscillator in the above examples. In this way, individual cavities might be decoupled.
A detailed study of such a scheme will be presented elsewhere.
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Finally, wewould like to brieﬂymention an analogywith themonotonic and non-monotonic
behaviour of the efﬁciency. We ﬁnd that by increasing the mass of the junction oscillator in the
beamsplitter conﬁguration, one can obtain monotonically decreasing entanglement between the
two ends for the RWA interaction, whereas the Hooke law interaction produced non-monotonic
behaviour.
6. Conclusions and discussions
We have investigated the entanglement dynamics of systems of harmonic oscillators both
analytically and numerically. Particular attention has been paid to harmonic oscillators coupled by
springs (Spring) and to harmonic oscillators with a linear coupling in a RWA as is appropriate in
a quantum optical setting.After an introduction to the mathematical formalism and the derivation
of the analytical solutions for the equations of motion for these interactions we then investigated
several possible scenarios. We considered the generation of entanglement without detailed local
control of individual systems. This was achieved by ﬁrst switching off any interaction between
the oscillators, cooling them to near the ground state and subsequently switching on the coupling
suddenly. Surprisingly, entanglement will be generated over very large distances which is in
stark contrast with the entanglement properties of the stationary ground state of a harmonic
chain where only nearest neighbours exhibit entanglement [12]. We have also demonstrated that
a linear chain of harmonic oscillators is capable of transportingquantum information andquantum
entanglement for various types of nearest-neighbour coupling. For position-independent nearest-
neighbour coupling we observe that the transmission efﬁciency is a non-monotonic function in
the coupling strength for Hooke’s law coupling, whereas it is monotonically decreasing for the
RWA coupling. In both cases, this suggests that it is advantageous to transmit entanglement in
smaller portions rather than large units. However owing to the rapid decline in efﬁciency with
the spring interaction for very small r, one should avoid sending in r too small. The propagation
speed for the quantum entanglement has been provided analytically. For the above effects, we
have studied their sensitivity to random variations in the coupling between the oscillators and to
ﬁnite temperatures.
Finally, we have proposed more complicated geometrical structures such as Y-shapes and
interferometric set-ups that allow for the generation of entanglement in pre-fabricated structures
without the need for changing any coupling constants. We have also shown that these structures
may be switched on and off by changing the coupling of only a single-harmonic oscillator with
its neighbours. This suggests the possibility for the creation of pre-fabricated structures that may
be ‘programmed’ by external actions. Therefore, quantum information would be manipulated
through its propagation in these pre-fabricated structures somewhat analogous to modern micro-
chips and as opposed the most presently suggested implementations of quantum information
processingwhere stationary quantumbits aremanipulated by a sequence of external interventions
such as laser pulses.
All these investigations were deliberately left at a device-independent level. It should
nevertheless be noted that there are many possible realizations of the above phenomena.
These include nanomechanical oscillators [11], arrays of coupled atom–cavity systems,
photonic crystals, and many other realizations of weakly coupled harmonic systems, potentially
even vibrational modes of molecules in molecular quantum computing [35]. A forthcoming
publication will discuss device-speciﬁc issues of such realization as well as improved structures
New Journal of Physics 6 (2004) 36 (http://www.njp.org/)
38 DEUTSCHE PHYSIKALISCHE GESELLSCHAFT
(including novel topological structures as well as changes of their internal structure such as di-
atomic chains) that allow for better performances with fewer experimental resources. We hope
that these ideas may lead to the development of novel ways for the implementation of quantum
information processing in which the quantum information is manipulated by ﬂowing through
pre-fabricated circuits that can be manipulated from outside.
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